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A COMBINATORIAL CORRESPONDENCE BETWEEN FINITE EUCLIDEAN
GEOMETRIES AND SYMMETRIC SUBSETS OF Z/nZ
SEMIN YOO
Abstract. q-analogues of quantities in mathematics involve perturbations of classical quantities
using the parameter q, and revert to the original quantities when q goes 1. An important example
is the q-analogues of binomial coefficients which give the number of k-dimensional subspaces in Fnq .
When q goes to 1, this reverts to the binomial coefficients which measure the number of k-sets in
[n]. Dot-analogues of q-binomial coefficients were studied by Yoo (2019) in order to investigate
combinatorics of quadratic spaces over finite fields. The number of k-dimensional quadratic spaces
of (Fnq , x
2
1 + x
2
2 + · · ·+ x
2
n) which are isometrically isomorphic to (F
k
q , x
2
1 + x
2
2 + · · ·+ x
2
k) can be also
described as analogous to binomial coefficients, called the dot-binomial coefficients,
(
n
k
)
d
.
In this paper, we study a combinatorial correspondence between this finite Euclidean geometries
and symmetric subsets of Z/nZ. In addition, we show that dot-binomial coefficients can be expressed
in terms of q-binomial coefficients and polynomials, and we prove that dot-binomial coefficients are
polynomials in q. Furthermore, we study the properties of the polynomials given by the dot binomial
coefficients
(
n
k
)
d
.
1. Introduction and statements of results
Let us assume that Fq is a finite field with an odd prime q, Grq(n, k) is the set of k-dimensional
subspaces of Fnq , and Grd(n, k) is the set of k-dimensional subspaces of (F
n
q , x
2
1 · · · + x
2
n) that have
an orthonormal basis. Then we have the following inclusion:
Grd(n, k) ⊂ Grq(n, k).
Unlike the Grassmannian over real numbers, Grd(n, k) is not the same as Grq(n, k) since the norm
of a vector v is defined by ||v||2 over finite fields. This means that vectors can only be scaled by
squares. The size of Grq(n, k) are well-known polynomials, called q-binomial coefficients:
|Grq(n, k)| =
(
n
k
)
q
=
(qn − 1)(qn − q) · · · (qn − qk−1)
(qk − 1)(qk − q) · · · (qk − qk−1)
.
One of the surprising aspects of q-binomial coefficients is the fact that there are q-analogues of
binomial coefficients. There is a well-known interesting relationship between binomial coefficients
and q-binomial coefficients:
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Field with one element Fq (q-analogues)
object [n] = {1, 2, · · · , n} Fnq
subobject a k set in [n] a k-dimensional subspace of Fnq
bracket n the number of lines in Fnq
factorial n! [n]q!
poset Bn Ln(q)
group |Sn| = n! |GL(n, q)| = q
n(n−1)/2(q − 1)n [n]q!
flag flags in [n] flags in Fnq
binomial coefficient
(n
k
)
= n!k!(n−k)! =
∣∣∣ SnSk×Sn−k
∣∣∣ (nk)q = [n]q![k]q![(n−k)]q! =
∣∣∣∣GL(n,q)(A C
0 B
) ∣∣∣∣
connection limq→1
(
n
k
)
q
=
(
n
k
)
Table 1. Example of Field with one element analogues in [4].
See [3] for more basic contents related to q-analogues. In [4], the author computes the size of
Grd(n, k), called the dot-binomial coefficients, and find that they are also described as analogous
to binomial coefficients. For example, when q ≡ 1 mod 4, and n, k are odd, it is written as
(
n
k
)
d
=
1
2
(qn−1 + q
n−1
2 )(qn−2 − q
n−3
2 )(qn−3 + q
n−3
2 ) · · · (qn−k+1 − q
n−k
2 )(qn−k + q
n−k
2 )
(qk−1 + q
k−1
2 )(qk−2 − q
k−3
2 )(qk−3 + q
k−3
2 ) · · · (q − 1) · 1
.
Furthermore, the author defines dot-analogues of q-binomial coefficients, and studies related com-
binatorics listed in the last column of Table 2.
q-analogues dot-analogues
space Fnq (F
n
q ,dotn)
subspace a k-dimensional subspace of Fnq a dotk-subspace of dotn
bracket the number of lines in Fnq the number of spacelike lines in (F
n
q ,dotn)
factorial [n]q! [n]d!
poset Ln(q) En(q)
group |GL(n, q)| = qn(n−1)/2(q − 1)n [n]q! |O(n, q)| = 2
n [n]d!
flag flags in Fnq Euclidean flags in (F
n
q ,dotn)
binomial coefficient
(
n
k
)
q
=
[n]q!
[k]q![(n−k)]q!
=
∣∣∣∣GL(n,q)(A C
0 B
) ∣∣∣∣ (nk)d = [n]d![k]d![(n−k)]d! =
∣∣∣ O(n,q)O(k,q)×O(n−k,q)
∣∣∣
Table 2. q-analogues and dot-analogues in [4].
One can find further works related to dot-binomial coefficients in [5] and [6]. Notice that taking
limits as q goes to 1 reveals the connection between sets and q-binomial coefficients. In this paper,
we find a combinatorial correspondence between sets and dot-analogues taking limits as q goes to
1 and −1. In dot-analogues, the difficulty of finding a combinatorial description in sets is due to
the fact that dot-binomial coefficients depend on the cases if q ≡ 1 mod 4 or q ≡ 3 mod 4. In
[4], the author computes limits taken as q goes to 1 in these cases, but it was shown hard to find
combinatorial descriptions in sets. In this paper, we study the correspondence between dot-binomial
coefficients and symmetric subsets of Z/(n+ 1)Z listed in Table 3.
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set-analogues dot-analogues
space Z/(n + 1) = ([n] ,+) (Fnq ,dotn)
subspace a symmetric k-set in Z/(n+ 1) not containing 0 a dotk-subspace of dotn
bracket the number of symmetric 1-sets in Z/(n+ 1) the number of spacelike lines in (Fnq ,dotn)
factorial
(
n
2
)
! or
(
n−1
2
)
! [n]d!
poset Bn/2 or B(n−1)/2 En(q)
group Sn/2 or S(n−1)/2 |O(n, q)| = 2
n [n]d!
flag flags in
[
n
2
]
or
[
n−1
2
]
Euclidean flags in (Fnq ,dotn)
binomial coefficient
((n−1)/2
(k−1)/2
)
,
((n−1)/2
k/2
)
,
(n/2
k/2
)
or 0
(n
k
)
d
= [n]d![k]d![(n−k)]d! =
∣∣∣ O(n,q)O(k,q)×O(n−k,q)
∣∣∣
connection limq→1 or −1
(n
k
)
d
=
((n−1)/2
(k−1)/2
)
,
((n−1)/2
k/2
)
,
(n/2
k/2
)
or 0
Table 3. Set-analogues and dot-analogues.
In Chapter 2, we review the materials that we need in order to discuss our results. In Chapter
3, we first show that dot-binomial coefficients can be expressed in terms of the multiplication of
q-binomial coefficients and some polynomials. For example, when q ≡ 1 mod 4, and n, k are odd, it
is written as (
n
k
)
d
=
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(n−1
2
k−1
2
)
q2
where (
n
k
)
q2
=
((q2)n − 1)((q2)n−1 − 1) · · · ((q2)n−k+1 − 1)
(q2)k − 1)((q2)k−1 − 1) · · · (q2 − 1)
.
In Chapter 4, we compute limits q goes 1 when qequiv1 mod 4, and as q goes to −1 when q ≡ 3
mod 4. We also show that these limits reveal a combinatorial correspondence between sets and
dot-analgoues. In Chapter 5, by using the expressions of dot-binomial coefficients from Chapter 3
and some computations, we give the proof of the following theorem.
Theorem 1. The dot-binomial coefficients
(n
k
)
d
are polynomials of degree k(n − k) in q and the
coefficients of the polynomials are half integers.
We also study some properties of polynomials given by the dot-binomial coefficients
(n
k
)
d
. For
example, when q ≡ 1 mod 4, and n, k are odd, the dot-binomial coefficients
(
n
k
)
d
can be written as
(
n
k
)
d
= x
k(n−k)
2 ·
k(n−k)
2∑
i=0
aix
i,
and we have the property ai = ak(n−k)/2−i for i = 0, 1, · · · , k(n − k)/2.
Acknowledgements. The author would like to express gratitude to Jonathan Pakianathan for
helpful discussions and encouragement for this work.
2. Preliminaries
Let (Fnq ,dotn(x)) be the quadratic space with dotn(x) = x
2
1 + x
2
2 + · · · + x
2
n. When we say
dotn, it also means the quadratic space (F
n
q ,dotn(x)). A k-dimensional quadratic subspace W in
(Fnq , dotn(x)) is called the dotk-subspace if W |dotn is isometrically isomorphic to (F
k
q ,dotk(x)).
Let us denote dotk,n by the set of dotk-subspaces in a fixed dotn and let us call the elements
in dot1,n spacelike lines. It is not hard to show that dotk-subspaces have orthonormal bases
and that if a quadratic subspace has a orthonormal basis, then it is a dotk-subspace. Thus the
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number of dotk-subspaces is the dot-binomial coefficient
(n
k
)
d
. In [4], the author shows that dot-
binomial coefficients can be written in the same way binomial coefficients are, and also defines dot-
analogues. Dot-analogues are as follows: For any n and k, [k]d := |dot1,k|, [n]d! := [n]d · · · [1]d,
and
(
n
k
)
d
:= |dotk,n| =
[n!]d
[k!]d[(n−k)!]d
. In particular, dot-binomial coefficients can be computed by(
n
k
)
d
=
|dot1,n||dot1,n−1| · · · |dot1,n−k+1|
|dot1,k| · · · |dot1,1|
.
Here, |dot1,0| := 1 is adopted as a convention. The complete formula of the number of spacelike
lines can be found in [4] as follows:
Spacelike q ≡ 1 (mod 4) q ≡ 3 (mod 4)
n = 4k + 3
qn−1+q
n−1
2
2
qn−1−q
n−1
2
2
n = 4k + 1 q
n−1+q
n−1
2
2
n = 4k + 2
qn−1−q
n−2
2
2
qn−1+q
n−2
2
2
n = 4k q
n−1
−q
n−2
2
2
Table 4. The number of spacelike lines in dotn [4].
In [4], the author studies various combinatorial properties of the dot-binomial coefficients. We
introduce one of them that we will use later.
Proposition 2. [4] For 0 < k < n, we have(
n
k
)
d
=
(
n− 1
k − 1
)
d
+
[n]d − [k]d
[n− k]d
(
n− 1
k
)
d
,
where [n]d is the number of spacelike lines in dotn.
3. Full description of the dot-binomial coefficients
In this chapter, we show dot-binomial coefficients are written in terms of the q-binomial coeffi-
cients and some polynomials. Let us introduce a notation:(
n
k
)
q2
=
((q2)n − 1)((q2)n−1 − 1) · · · ((q2)n−k+1 − 1)
(q2)k − 1)((q2)k−1 − 1) · · · (q2 − 1)
.
Suppose that q ≡ 1 (mod 4). If n and k are odd, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−1
2 )(qn−2 − q
n−3
2 )(qn−3 + q
n−3
2 ) · · · (qn−k+1 − q
n−k
2 )(qn−k + q
n−k
2 )
(qk−1 + q
k−1
2 )(qk−2 − q
k−3
2 )(qk−3 + q
k−3
2 ) · · · (q − 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 + 1)(q
n−1
2 − 1)(q
n−3
2 + 1) · · · (q
n−k+2
2 − 1)(q
n−k
2 + 1)
(q
k−1
2 + 1)(q
k−1
2 − 1)(q
k−3
2 + 1) · · · (q − 1) · 1
=
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+2 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(n−1
2
k−1
2
)
q2
.
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If n is odd and k is even, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−1
2 )(qn−2 − q
n−3
2 )(qn−3 + q
n−3
2 ) · · · (qn−k+1 + q
n−k+1
2 )(qn−k − q
n−k
2 )
(qk−1 − q
k−2
2 )(qk−2 + q
k−2
2 )(qk−3 − q
k−4
2 ) · · · (q − 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 + 1)(q
n−1
2 − 1)(q
n−3
2 + 1) · · · (q
n−k+1
2 + 1)(q
n−k+1
2 − 1)
(q
k
2 − 1)(q
k−2
2 + 1)(q
k−2
2 − 1) · · · (q − 1) · 1
=
1
2
q
k(n−k)
2 (q
k
2 + 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
k
2 + 1)
(n−1
2
k
2
)
q2
.
If n is even and k is odd, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−2
2 )(qn−2 + q
n−2
2 )(qn−3 − q
n−4
2 ) · · · (qn−k+1 + q
n−k+1
2 )(qn−k − q
n−k−1
2 )
(qk−1 + q
k−1
2 )(qk−2 − q
k−3
2 )(qk−3 + q
k−3
2 ) · · · (q − 1) · 1
=
1
2
q
k(n−k)−1
2
(q
n
2 − 1)(q
n−2
2 + 1)(q
n−2
2 − 1) · · · (q
n−k+1
2 + 1)(q
n−k+1
2 − 1)
(q
k−1
2 + 1)(q
k−1
2 − 1)(q
k−3
2 + 1) · · · (q − 1) · 1
=
1
2
q
k(n−k)−1
2 (q
n
2 − 1)
(qn−2 − 1)(qn−4 − 1) · · · (qn−k+1 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)−1
2 (q
n
2 − 1)
(n−2
2
k−1
2
)
q2
.
If n and k are even, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−2
2 )(qn−2 + q
n−2
2 )(qn−3 − q
n−4
2 ) · · · (qn−k+1 − q
n−k
2 )(qn−k + q
n−k
2 )
(qk−1 − q
k−2
2 )(qk−2 + q
k−2
2 )(qk−3 − q
k−4
2 ) · · · (q − 1) · 1
=
1
2
q
k(n−k)
2
(q
n
2 − 1)(q
n−2
2 + 1)(q
n−2
2 − 1) · · · (q
n−k+2
2 − 1)(q
n−k
2 + 1)
(q
k
2 − 1)(q
k−2
2 + 1)(q
k−2
2 − 1) · · · (q − 1) · 1
=
1
2
q
k(n−k)
2
(q
n−k
2 + 1)(q
k
2 + 1)
q
n
2 + 1
(qn − 1)(qn−2 − 1) · · · (qn−k+2 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2
(q
n−k
2 + 1)(q
k
2 + 1)
q
n
2 + 1
(n
2
k
2
)
q2
.
Supppose that q ≡ 3 (mod 4) and let l, l′ be nonnegative integers. If n = 4l + 3 and k = 4l′ + 3,
then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−1
2 )(qn−2 + q
n−3
2 )(qn−3 + q
n−3
2 )(qn−4 − q
n−5
2 ) · · · (qn−k+1 + q
n−k
2 )(qn−k + q
n−k
2 )
(qk−1 − q
k−1
2 )(qk−2 + q
k−3
2 )(qk−3 + q
k−3
2 )(qk−4 − q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 − 1)(q
n−1
2 + 1)(q
n−3
2 + 1)(q
n−3
2 − 1) · · · (q
n−k+2
2 + 1)(q
n−k
2 + 1)
(q
k−1
2 − 1)(q
k−1
2 + 1)(q
k−3
2 + 1)(q
k−3
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+2 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(n−1
2
k−1
2
)
q2
.
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If n = 4l + 3 and k = 4l′ + 1, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−1
2 )(qn−2 + q
n−3
2 )(qn−3 + q
n−3
2 )(qn−4 − q
n−5
2 ) · · · (qn−k+1 − q
n−k
2 )(qn−k − q
n−k
2 )
(qk−1 + q
k−1
2 )(qk−2 − q
k−3
2 )(qk−3 − q
k−3
2 )(qk−4 + q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 − 1)(q
n−1
2 + 1)(q
n−3
2 + 1)(q
n−3
2 − 1) · · · (q
n−k+2
2 − 1)(q
n−k
2 − 1)
(q
k−1
2 + 1)(q
k−1
2 − 1)(q
k−3
2 − 1)(q
k−3
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
n−k
2 − 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+2 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
n−k
2 − 1)
(n−1
2
k−1
2
)
q2
.
If n = 4l + 3 and k = 4l′ + 2, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−1
2 )(qn−2 + q
n−3
2 )(qn−3 + q
n−3
2 )(qn−4 − q
n−5
2 ) · · · (qn−k+1 − q
n−k+1
2 )(qn−k + q
n−k−1
2 )
(qk−1 + q
k−2
2 )(qk−2 + q
k−2
2 )(qk−3 − q
k−4
2 )(qk−4 − q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 − 1)(q
n−1
2 + 1)(q
n−3
2 + 1)(q
n−3
2 − 1) · · · (q
n−k+1
2 − 1)(q
n−k+1
2 + 1)
(q
k
2 + 1)(q
k−2
2 + 1)(q
k−2
2 − 1)(q
k−4
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
k
2 − 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
k
2 − 1)
(n−1
2
k
2
)
q2
.
If n = 4l + 3 and k = 4l′, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−1
2 )(qn−2 + q
n−3
2 )(qn−3 + q
n−3
2 )(qn−4 − q
n−5
2 ) · · · (qn−k+1 + q
n−k+1
2 )(qn−k − q
n−k−1
2 )
(qk−1 − q
k−2
2 )(qk−2 − q
k−2
2 )(qk−3 + q
k−4
2 )(qk−4 + q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 − 1)(q
n−1
2 + 1)(q
n−3
2 + 1)(q
n−3
2 − 1) · · · (q
n−k+1
2 + 1)(q
n−k+1
2 − 1)
(q
k
2 − 1)(q
k−2
2 − 1)(q
k−2
2 + 1)(q
k−4
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
k
2 + 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
k
2 + 1)
(n−1
2
k
2
)
q2
.
If n = 4l + 1 and k = 4l′ + 3, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−1
2 )(qn−2 − q
n−3
2 )(qn−3 − q
n−3
2 )(qn−4 + q
n−5
2 ) · · · (qn−k+1 − q
n−k
2 )(qn−k − q
n−k
2 )
(qk−1 − q
k−1
2 )(qk−2 + q
k−3
2 )(qk−3 + q
k−3
2 )(qk−4 − q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 + 1)(q
n−1
2 − 1)(q
n−3
2 − 1)(q
n−3
2 + 1) · · · (q
n−k+2
2 − 1)(q
n−k
2 − 1)
(q
k−1
2 − 1)(q
k−1
2 + 1)(q
k−3
2 + 1)(q
k−3
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
n−k
2 − 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+2 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
n−k
2 − 1)
(n−1
2
k−1
2
)
q2
.
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If n = 4l + 1 and k = 4l′ + 1, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−1
2 )(qn−2 − q
n−3
2 )(qn−3 − q
n−3
2 )(qn−4 + q
n−5
2 ) · · · (qn−k+2 + q
n−k
2 )(qn−k + q
n−k
2 )
(qk−1 + q
k−1
2 )(qk−2 − q
k−3
2 )(qk−3 − q
k−3
2 )(qk−4 + q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 + 1)(q
n−1
2 − 1)(q
n−3
2 − 1)(q
n−3
2 + 1) · · · (q
n−k+2
2 + 1)(q
n−k
2 + 1)
(q
k−1
2 + 1)(q
k−1
2 − 1)(q
k−3
2 − 1)(q
k−3
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+2 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(n−1
2
k−1
2
)
q2
.
If n = 4l + 1 and k = 4l′ + 2, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−1
2 )(qn−2 − q
n−3
2 )(qn−3 − q
n−3
2 )(qn−4 + q
n−5
2 ) · · · (qn−k+1 + q
n−k+1
2 )(qn−k − q
n−k−1
2 )
(qk−1 + q
k−2
2 )(qk−2 + q
k−2
2 )(qk−3 − q
k−4
2 )(qk−4 − q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 + 1)(q
n−1
2 − 1)(q
n−3
2 − 1)(q
n−3
2 + 1) · · · (q
n−k+1
2 + 1)(q
n−k+1
2 − 1)
(q
k
2 + 1)(q
k−2
2 + 1)(q
k−2
2 − 1)(q
k−4
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
k
2 − 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
k
2 − 1)
(n−1
2
k
2
)
q2
.
If n = 4l + 1 and k = 4l′, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−1
2 )(qn−2 − q
n−3
2 )(qn−3 − q
n−3
2 )(qn−4 + q
n−5
2 ) · · · (qn−k+1 − q
n−k+1
2 )(qn−k + q
n−k−1
2 )
(qk−1 − q
k−2
2 )(qk−2 − q
k−2
2 )(qk−3 + q
k−4
2 )(qk−4 + q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n−1
2 + 1)(q
n−1
2 − 1)(q
n−3
2 − 1)(q
n−3
2 + 1) · · · (q
n−k+1
2 − 1)(q
n−k+1
2 + 1)
(q
k
2 − 1)(q
k−2
2 − 1)(q
k−2
2 + 1)(q
k−4
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2 (q
k
2 + 1)
(qn−1 − 1)(qn−3 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2 (q
k
2 + 1)
(n−1
2
k
2
)
q2
.
If n = 4l + 2 and k = 4l′ + 3, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−2
2 )(qn−2 + q
n−2
2 )(qn−3 − q
n−4
2 )(qn−4 − q
n−4
2 ) · · · (qn−k+1 + q
n−k+1
2 )(qn−k − q
n−k−1
2 )
(qk−1 − q
k−1
2 )(qk−2 + q
k−3
2 )(qk−3 + q
k−3
2 )(qk−4 − q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2
(q
n
2 + 1)(q
n−2
2 + 1)(q
n−2
2 − 1)(q
n−4
2 − 1) · · · (q
n−k+1
2 + 1)(q
n−k+1
2 − 1)
(q
k−1
2 − 1)(q
k−1
2 + 1)(q
k−3
2 + 1)(q
k−3
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2 (q
n
2 + 1)
(qn−2 − 1)(qn−4 − 1) · · · (qn−k+1 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)−1
2 (q
n
2 + 1)
(n−2
2
k−1
2
)
q2
.
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If n = 4l + 2 and k = 4l′ + 1, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−2
2 )(qn−2 + q
n−2
2 )(qn−3 − q
n−4
2 )(qn−4 − q
n−4
2 ) · · · (qn−k+1 − q
n−k+1
2 )(qn−k + q
n−k−1
2 )
(qk−1 + q
k−1
2 )(qk−2 − q
k−3
2 )(qk−3 − q
k−3
2 )(qk−4 + q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2
(q
n
2 + 1)(q
n−2
2 + 1)(q
n−2
2 − 1)(q
n−4
2 − 1) · · · (q
n−k+1
2 − 1)(q
n−k+1
2 + 1)
(q
k−1
2 + 1)(q
k−1
2 − 1)(q
k−3
2 − 1)(q
k−3
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2 (q
n
2 + 1)
(qn−2 − 1)(qn−4 − 1) · · · (qn−k+1 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)−1
2 (q
n
2 + 1)
(n−2
2
k−1
2
)
q2
.
If n = 4l + 2 and k = 4l′ + 2, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−2
2 )(qn−2 + q
n−2
2 )(qn−3 − q
n−4
2 )(qn−4 − q
n−4
2 ) · · · (qn−k+1 + q
n−k
2 )(qn−k + q
n−k
2 )
(qk−1 + q
k−2
2 )(qk−2 + q
k−2
2 )(qk−3 − q
k−4
2 )(qk−4 − q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n
2 + 1)(q
n−2
2 + 1)(q
n−2
2 − 1)(q
n−4
2 − 1) · · · (q
n−k+1
2 + 1)(q
n−k
2 + 1)
(q
k
2 + 1)(q
k−2
2 + 1)(q
k−2
2 − 1)(q
k−4
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
k
2 − 1)(q
n−k
2 + 1)
q
n
2 − 1
(qn − 1)(qn−2 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2
(q
k
2 − 1)(q
n−k
2 + 1)
q
n
2 − 1
(n
2
k
2
)
q2
.
If n = 4l + 2 and k = 4l′, then we have(
n
k
)
d
=
1
2
(qn−1 + q
n−2
2 )(qn−2 + q
n−2
2 )(qn−3 − q
n−4
2 )(qn−4 − q
n−4
2 ) · · · (qn−k+1 − q
n−k
2 )(qn−k − q
n−k
2 )
(qk−1 − q
k−2
2 )(qk−2 − q
k−2
2 )(qk−3 + q
k−4
2 )(qk−4 + q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n
2 + 1)(q
n−2
2 + 1)(q
n−2
2 − 1)(q
n−4
2 − 1) · · · (q
n−k+1
2 − 1)(q
n−k
2 − 1)
(q
k
2 − 1)(q
k−2
2 − 1)(q
k−2
2 + 1)(q
k−4
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
k
2 + 1)(q
n−k
2 − 1)
q
n
2 − 1
(qn−2 − 1)(qn−4 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2
(q
k
2 + 1)(q
n−k
2 − 1)
q
n
2 − 1
(n
2
k
2
)
q2
.
If n = 4l and k = 4l′ + 3, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−2
2 )(qn−2 − q
n−2
2 )(qn−3 + q
n−4
2 )(qn−4 + q
n−4
2 ) · · · (qn−k+1 − q
n−k+1
2 )(qn−k + q
n−k−1
2 )
(qk−1 − q
k−1
2 )(qk−2 + q
k−3
2 )(qk−3 + q
k−3
2 )(qk−4 − q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2
(q
n
2 − 1)(q
n−2
2 − 1)(q
n−2
2 + 1)(q
n−4
2 + 1) · · · (q
n−k+1
2 − 1)(q
n−k+1
2 + 1)
(q
k−1
2 − 1)(q
k−1
2 + 1)(q
k−3
2 + 1)(q
k−3
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2 (q
n
2 − 1)
(qn−2 − 1)(qn−4 − 1) · · · (qn−k+1 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)−1
2 (q
n
2 − 1)
(n−2
2
k−1
2
)
q2
.
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If n = 4l and k = 4l′ + 1, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−2
2 )(qn−2 − q
n−2
2 )(qn−3 + q
n−4
2 )(qn−4 + q
n−4
2 ) · · · (qn−k+1 + q
n−k+1
2 )(qn−k − q
n−k−1
2 )
(qk−1 + q
k−1
2 )(qk−2 − q
k−3
2 )(qk−3 − q
k−3
2 )(qk−4 + q
k−5
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2
(q
n
2 − 1)(q
n−2
2 − 1)(q
n−2
2 + 1)(q
n−4
2 + 1) · · · (q
n−k+1
2 + 1)(q
n−k+1
2 − 1)
(q
k−1
2 + 1)(q
k−1
2 − 1)(q
k−3
2 − 1)(q
k−3
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)−1
2 (q
n
2 − 1)
(qn−2 − 1)(qn−4 − 1) · · · (qn−k+1 − 1)
(qk−1 − 1)(qk−3 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)−1
2 (q
n
2 − 1)
(n−2
2
k−1
2
)
q2
.
If n = 4l and k = 4l′ + 2, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−2
2 )(qn−2 − q
n−2
2 )(qn−3 + q
n−4
2 )(qn−4 + q
n−4
2 ) · · · (qn−k+1 − q
n−k
2 )(qn−k − q
n−k
2 )
(qk−1 + q
k−2
2 )(qk−2 + q
k−2
2 )(qk−3 − q
k−4
2 )(qk−4 − q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n
2 − 1)(q
n−2
2 − 1)(q
n−2
2 + 1)(q
n−4
2 + 1) · · · (q
n−k+1
2 − 1)(q
n−k
2 − 1)
(q
k
2 + 1)(q
k−2
2 + 1)(q
k−2
2 − 1)(q
k−4
2 − 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
k
2 − 1)(q
n−k
2 − 1)
q
n
2 + 1
(qn − 1)(qn−2 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2
(q
k
2 − 1)(q
n−k
2 − 1)
q
n
2 + 1
(n
2
k
2
)
q2
.
If n = 4l and k = 4l′, then we have(
n
k
)
d
=
1
2
(qn−1 − q
n−2
2 )(qn−2 − q
n−2
2 )(qn−3 + q
n−4
2 )(qn−4 + q
n−4
2 ) · · · (qn−k+1 + q
n−k
2 )(qn−k + q
n−k
2 )
(qk−1 − q
k−2
2 )(qk−2 − q
k−2
2 )(qk−3 + q
k−4
2 )(qk−4 + q
k−4
2 ) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
n
2 − 1)(q
n−2
2 − 1)(q
n−2
2 + 1)(q
n−4
2 + 1) · · · (q
n−k+1
2 + 1)(q
n−k
2 + 1)
(q
k
2 − 1)(q
k−2
2 − 1)(q
k−2
2 + 1)(q
k−4
2 + 1) · · · (q + 1) · 1
=
1
2
q
k(n−k)
2
(q
k
2 − 1)(q
n−k
2 − 1)
q
n
2 + 1
(qn − 1)(qn−2 − 1) · · · (qn−k+1 − 1)
(qk − 1)(qk−2 − 1) · · · (q2 − 1)
=
1
2
q
k(n−k)
2
(q
k
2 + 1)(q
n−k
2 + 1)
q
n
2 + 1
(n
2
k
2
)
q2
.
4. Description of TABLE 3
Notice that the fact limq→1
(n
k
)
q
=
(n
k
)
reveals the connection between binomial coefficients and
q-binomial coefficients. Thus the first step we need to consider is to compute the limit limq→1
(n
k
)
d
.
In [4], the author computes limq→1
(n
k
)
d
but the limits of dot-binomial coefficients are different
depending on the condition q. However, we compute limq→−1
(n
k
)
d
when q ≡ 3 mod 4 because −1
is considered as 3 when q ≡ 3 mod 4. It turns out that the limits limq→1
(
n
k
)
d
when q ≡ 1 mod 4
and limq→−1
(n
k
)
d
when q ≡ 3 mod 4 are the same.
Proposition 3. For any 0 < k < n, we have the following table:
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limq→1
(
n
k
)
d
when q ≡ 1 mod 4 limq→−1
(
n
k
)
d
when q ≡ 3 mod 4
n,k are odd
((n−1)/2
(k−1)/2
) ((n−1)/2
(k−1)/2
)
n is odd, k is even
((n−1)/2
k/2
) ((n−1)/2
k/2
)
n,k are even
(n/2
k/2
) (n/2
k/2
)
n is even, k is odd 0 0
Table 5. The computation of the limits of dot-binomial coefficients.
Table 5 indicates that combinatorial descriptions of sets corresponding to dot-binomial coefficients
do not need to depend on the condition q. We first give a fact to compute limits of dot-binomial
coefficients.
Lemma 4. Let us assume 0 < k < n. Then we obtain
lim
q→1
(
n
k
)
q2
=
(
n
k
)
and lim
q→−1
(
n
k
)
q2
=
(
n
k
)
.
Proof. Note that
lim
q→1
(
n
k
)
q2
= lim
q→1
((q2)n − 1)((q2)n−1 − 1) · · · ((q2)n−k+1 − 1)
(q2)k − 1)((q2)k−1 − 1) · · · (q2 − 1)
.
Let us look at the first factor in the numerator and the denominator. Then we have
lim
q→1
q2n − 1
q2k − 1
=
n
k
.
We can compute other terms similarly, and thus the result holds. In addition, let us consider
lim
q→−1
q2n − 1
q2k − 1
= lim
q→−1
n(q2)n−12q
k(q2)k−12q
=
n
k
.
This completes the proof in a similar way. 
Proof of Proposition 3. The limits can be directly computed by the expressions in Chapter 3. For
example, if q ≡ 1 mod 4 and n, k are odd, we have
lim
q→1
(
n
k
)
d
= lim
q→1
(
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(n−1
2
k−1
2
)
q2
)
=
(n−1
2
k−1
2
)
.
Moreover, if q ≡ 3 mod 4, n = 4l + 3, and k = 4l + 3, we obtain
lim
q→−1
(
n
k
)
d
= lim
q→−1
(
1
2
q
k(n−k)
2 (q
n−k
2 + 1)
(n−1
2
k−1
2
)
q2
)
=
(n−1
2
k−1
2
)
because (n− k)/2 are even. Other cases can be computed by a similar way. 
We call a subset A of Z/(n + 1)Z a symmetric k-set if A = −A, 0 /∈ A and |A| = k. We now
show that the limits of dot-binomial coefficients are the number of symmetric k-sets in Z/(n+1)Z.
Theorem 5. For any 0 < k < n, the number of symmetric k-sets in Z/(n+ 1)Z is
(1)
((n−1)/2
(k−1)/2
)
if n, k are odd,
(2)
((n−1)/2
k/2
)
if n is odd, k is even,
(3)
((n−1)/2
k/2
)
if n, k are even,
(4) 0 if n is even and k is odd.
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Proof. Suppose that n and k are odd. Then we have
Z/(n+ 1)Z =
{
0, 1, · · · ,
n− 1
2
,
n+ 1
2
,
n+ 3
2
· · · , n
}
.
To make a symmetric k-set, we only need to choose (k− 1)/2 elements in {1, · · · , (n− 1)/2}. Then
the other (k − 1)/2 elements are determined. By adding the element (n + 1)/2 in the set, we
complete it to make a symmetric k-set. Thus there are
((n−1)/2
(k−1)/2
)
ways to make symmetric k-sets in
Z/(n+ 1)Z. Similarly, when n is odd and k is even, the number of symmetric k-sets in Z/(n+ 1)Z
is given by
((n−1)/2
k/2
)
.
Suppose that n, k are even. Then we have
Z/(n+ 1)Z =
{
0, 1, · · · ,
n
2
,
n
2
+ 1, · · · , n
}
.
Thus to make symmetric k-sets, we need to choose k/2 elements in {1, 2, · · · , n/2}. Thus the
number of symmetric k-sets in Z/(n + 1)Z is
(n/2
k/2
)
. When n is even and k is odd, it is not hard to
see symmetric k-sets do not exist. 
Therefore, we can interpret combinatorics in sets corresponding to dot-analogues as in Table
3. The connection limq→1
(
n
k
)
q
=
(
n
k
)
happens when we compare the vector space Fnq with the set
[n]. In dot-analogues, it turns out that we compare the quadratic space (Fnq ,dotn) and the group
(Z/(n+ 1)Z,+) by adding additional operations to the space Fnq and the set [n].
5. Proof of Theorem 7
Note that
(n
k
)
q2
are always polynomial in q. By the full description of dot-binomial coefficients,
it is not hard to show that they are polynomials except for the following cases: (1) q ≡ 1 (mod 4),
n and k are even, (2) q ≡ 3 (mod 4), n = 4l + 2 and k = 4l′ + 2, (3) q ≡ 3 (mod 4), n = 4l + 2 and
k = 4l′, (4) q ≡ 3 (mod 4), n = 4l and n = 4l′ + 2, (5) q ≡ 3 (mod 4), n = 4l and k = 4l′. We rely
on Proposition 2.
Case (1) q ≡ 1 (mod 4), n and k are even:
[n]d − [k]d
[n− k]d
=
qn−1 − q
n−2
2 − qk−1 + q
k−2
2
qn−k−1 − q
n−k−2
2
=
q
k−2
2 (q
k
2 (qn−k − 1)− (q
n−k
2 − 1))
q
n−k−2
2 (q
n−k
2 − 1)
.
Case (2) q ≡ 3 (mod 4), n = 4l + 2 and k = 4l′ + 2:
[n]d − [k]d
[n− k]d
=
qn−1 + q
n−2
2 − qk−1 − q
k−2
2
qn−k−1 − q
n−k−2
2
=
q
k−2
2 (q
k
2 (qn−k − 1) + (q
n−k
2 − 1))
q
n−k−2
2 (q
n−k
2 − 1)
.
Case (3) q ≡ 3 (mod 4), n = 4l + 2 and k = 4l′:
[n]d − [k]d
[n− k]d
=
qn−1 + q
n−2
2 − qk−1 + q
k−2
2
qn−k−1 + q
n−k−2
2
=
q
k−2
2 (q
k
2 (qn−k − 1) + (q
n−k
2 + 1))
q
n−k−2
2 (q
n−k
2 + 1)
.
Case (4) q ≡ 3 (mod 4), n = 4l and n = 4l′ + 2:
[n]d − [k]d
[n− k]d
=
qn−1 − q
n−2
2 − qk−1 − q
k−2
2
qn−k−1 + q
n−k−2
2
=
q
k−2
2 (q
k
2 (qn−k − 1)− (q
n−k
2 + 1))
q
n−k−2
2 (q
n−k
2 + 1)
.
Case (5) q ≡ 3 (mod 4), n = 4l and k = 4l′:
[n]d − [k]d
[n− k]d
=
qn−1 − q
n−2
2 − qk−1 + q
k−2
2
qn−k−1 − q
n−k−2
2
=
q
k−2
2 (q
k
2 (qn−k − 1)− (q
n−k
2 − 1))
q
n−k−2
2 (q
n−k
2 − 1)
.
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Note that the dot-binomial coefficients are symmetric and then we may assume that q
k−2
2 ≥ q
n−k−2
2 ,
which is equivalent to k ≥ n/2. Thus [n]d− [k]d / [n− k]d are polynomials. Since
(
n−1
k−1
)
d
and
(
n−1
k
)
d
are polynomials, we conclude our result by Proposition 7. Let us now observe the highest degree
in each term to compute the degree of dot-binomial coefficients. The degrees of the dot-binomial
coefficients are shown to be
k∑
l=1
(n− l)−
k−1∑
l=1
l = k(n− k).
regardless of any cases.
6. Properties of polynomials given by
(n
k
)
d
By the expressions given by the complete list of the dot-binomial coefficients, we obtain the
following expressions:
Proposition 6. Suppose that q ≡ 1 mod 4. If n, k are odd, or n is odd and k is even, or n, k are
even. Then we have the expression
(
n
k
)
d
= q
k(n−k)
2
k(n−k)
2∑
i=0
aiq
i.
If n is even and k is odd, then we have
(
n
k
)
d
= q
k(n−k)−1
2
k(n−k)+1
2∑
i=0
biq
i.
Suppose that q ≡ 3 mod 4. If n = 4l + 3, or n = 4l + 1, or n = 4l + 2 and k is even, or n = 4l and
k is even, then we have (
n
k
)
d
= q
k(n−k)
2
k(n−k)
2∑
i=0
ciq
i.
If n = 4l + 2 and k is odd, or n = 4l and k is odd, then we have
(
n
k
)
d
= q
k(n−k)−1
2
k(n−k)+1
2∑
i=0
diq
i.
Let pn,k(q) denote
(n
k
)
d
. Then we have a relation of the polynomial pn,k(q).
Proposition 7. Suppose that q ≡ 1 mod 4.
(1) If n is odd, or n is even and k is even, then we have
pn,k
(
1
q
)
=
1
q
3k(n−k)
2
pn,k(q),
(2) if n is even and k is odd,
pn,k
(
1
q
)
= −
1
q
3k(n−k)
2
pn,k(q),
Suppose that q ≡ 3 mod 4.
(1) If n = 4l + 3 and k = 4l′ + 3, k = 4l′, or n = 4l + 1 and k = 4l′ + 1, k = 4l′, or n = 4l + 2
and k is odd, or n = 4l and k = 4l′ + 1,
pn,k
(
1
q
)
=
1
q
3k(n−k)
2
pn,k(q),
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(2) if n = 4l + 3 and k = 4l′ + 1, k = 4l′ + 2, or n = 4l + 1 and k = 4l′ + 3, k = 4l′ + 2, or
n = 4l + 2 and k is even, or n = 4l and k is even, or n = 4l and k = 4l′ + 3
pn,k
(
1
q
)
= −
1
q
3k(n−k)
2
pn,k(q),
Proof. Suppose that q ≡ 1 mod 4 and n, k are odd. By the expression of the dot-binomial coefficients,
we have
pn,k
(
1
q
)
=
1
2
1
q
k(n−k)
2
(
1
q
n−1
2
+ 1
)(
1
q
n−1
2
− 1
)(
1
q
n−3
2
+ 1
)
· · ·
(
1
q
n−k+2
2
− 1
)(
1
q
n−k
2
+ 1
)
(
1
q
k−1
2
+ 1
)(
1
q
k−1
2
− 1
)(
1
q
k−3
2
+ 1
)
· · ·
(
1
q − 1
)
· 1
=
1
2
1
q
k(n−k)
2
q
k−1
2 q
k−1
2 q
k−3
2 · · · q
q
n−1
2 q
n−1
2 q
n−3
2 · · · q
n−k
2
(q
n−1
2 + 1)(q
n−1
2 − 1)(q
n−3
2 + 1) · · · (q
n−k+2
2 − 1)(q
n−k
2 + 1)
(q
k−1
2 + 1)(q
k−1
2 − 1)(q
k−3
2 + 1) · · · (q − 1) · 1
=
1
q
3k(n−k)
2
pn,k(q)
This completes our proof. For other cases, we can prove them similarly. 
It follows that the coefficients ai, bi, ci and di in Proposition 6 have some sort of symmetries.
Corollary 8. Suppose that q ≡ 1 mod 4. Then we have
(1) ai = ak(n−k)/2−i (symmetric) if n is odd, or n is even and k is even,
(2) bi = −bk(n−k)/2−i (anti-symmetric) if n is even and k is odd.
Suppose that q ≡ 3 mod 4. Then we have
(1) ci = ck(n−k)/2−i (symmetric) if n = 4l + 3 and k = 4l
′ + 3, k = 4l′, or n = 4l + 1 and
k = 4l′ + 1, k = 4l′,
(2) ci = −ck(n−k)/2−i (anti-symmetric) if n = 4l + 3 and k = 4l
′ + 1, k = 4l′ + 2, or n = 4l + 1
and k = 4l′ + 3, k = 4l′ + 2, or n = 4l + 2 and k is even, or n = 4l and k is even.
(3) di = d(k(n−k)+1)/2−i (symmetric) if n = 4l + 2 and k is odd, or n = 4l and k = 4l
′ + 1,
(4) di = −d(k(n−k)+1)/2−i (anti-symmetric) if n = 4l and k = 4l
′ + 3.
Proof. Let us denote
(n
k
)
d
by(
n
k
)
d
= pn,k(q) =
1
2
q
k(n−k)
2 (a0 + a1q + · · ·+ a k(n−k)
2
q
k(n−k)
2 ).
Then we have
pn,k
(
1
q
)
=
1
2
1
q
k(n−k)
2
(a0 +
a1
q
+ · · ·+
a k(n−k)
2
q
k(n−k)
2
)
=
1
q
3k(n−k)
2
1
2
q
k(n−k)
2 (a0q
k(n−k)
2 + a1q
k(n−k)
2
−1 + · · · + a k(n−k)
2
)
Thus we only need to show
pn,k
(
1
q
)
=
1
q
3k(n−k)
2
pn,k(q),
which is given by Proposition 7. Other cases can be obtained by a similar way. 
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